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In this paper, we give a necessary and sufficient condition for certain groups G to allow an 
essentially unique direct decomposition into non-trivial directly indecomposable groups. For any 
such G we show that if G has at least two essentially distinct direct decompositions into non-trivial 
directly indecomposable groups, then we can find finitely generated free abelian groups F and 
Ft and a directly indecomposable group B for which 
(a) B x F is a direct factor of G x FL and 
(b) BxF has at least two essentially distinct direct decompositions into non-trivial directly 
indecomposable factors. 
The torsion free rank of Ft may be expressed in terms of certain invariants of G. 
1. Introduction 
We say a group G is an R.K.S. (Remak-Krull-Schmidt) group if G may be ex- 
pressed as a direct product of finitely many non-trivial directly indecomposable 
groups in essentially one way. That is, if 
G=G,xG,x... xG,=H, xH,x-xH, (1.1) 
where all the G; and Hj are non-trivial directly indecomposable groups, then r=p 
and for a suitable permutation il, &, . . . , iP of the integers 1,2, . . . ,p, Gk= Hi, for 
all k. 
For a group which obeys the maximal condition for normal subgroups, it is not 
even true that the number of indecomposable non-trivial direct factors in (1.1) is an 
invariant. That is, it is possible to have r#p in (1.1) [l]. However, groups which 
obey both the maximal and the minimal condition for normal subgroups are R.K.S. 
groups [7, p. 871. Some conditions for r to be an invariant are studied in [3]. The 
object of this paper is to give a non-trivial necessary and sufficient condition for 
a group G to be an R.K.S. group. 
In order to describe our results it will be useful to define certain classes of groups 
connected with G. Let s be a nonnegative integer. We say that the group B is an 
s-term of G if B has a decomposition of the form B = B, x F where F is a free 
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abelian group and B, is directly indecomposable and B is a direct factor of G x Fs 
where F, is the free abelian group of rank s. As far as the R.K.S. property is con- 
cerned, in certain cases it is precisely the behavior of the s terms of G that affect 
the behavior of G. For example, we will show: 
Theorem A. Let G be a group with G/G’ finitely generated and let G/Z(G) obey 
the minimal condition on direct factors. Then there exists an integers dependent on 
G such that if the s terms of G are R.K.S. groups, then G is an R.K.S. group. 
In the sequel J will designate the infinite cyclic group. An example of a finitely 
generated group R with R = JX F= H x L where F, H and L are non-trivial directly 
indecomposable groups and Hit: J, L + J, J infinite cyclic is given by Kurosh [5, p. 
821. In this case R is a O-term of itself which is not an R.K.S. group. We note that 
any O-term of an R.K.S. group is an R.K.S. group. Consequently Theorem A may 
be restated as: 
Theorem B. Let G be a group with G/G’finitely generated and G/Z(G) having the 
minimal condition on direct factors. Then a necessary and sufficient condition for 
G to be an R.K.S. group is that there exist a suitably large fixed integers dependent 
on G such that all the s-terms of G are R.K.S. groups. 
The proof of Theorem A relies on the concept of J-replacement which we define 
below. The results of [3] are also dependent on this concept. 
2. Preliminary results 
Before proving Theorem A we list here a few results and definitions that will be 
useful in the sequel. Suppose we have a sequence of direct decompositions of the 
group G of the form 
G=G, xG,x-.- xG,xF,, F,,=G,+,xF.,+,, nrl. (2-l) 
If for all decompositions of the form (2.1), ultimately Gi= 1, then we say that G 
satisfies the minimal condition on direct factors (M.C.O.D.). If G/G’ is finitely 
generated, then in any decomposition (2. l), ultimately the Gi are perfect. Hence if 
G/G’ is finitely generated and G/Z(G) satisfies the M.C.O.D., then G satisfies the 
M.C.O.D. For, if (2.1) is a sequence of direct decompositions of G, then 
[G/Z(G)1 = [G, 1 Z(G,)l x 1% 1 Z(G)1 x ... x [G, / Z(G,)l x tFn j Z(Fn)l 
is a sequence of direct decompositions of G ) Z(G) with 
]F, 1 Z(Fn)l = [G,, , ~ZG+,WW,+, /W,+,)I 
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so that ultimately G, = Z(G,) and G,!, = G,. Hence ultimately G, = G,!, = 1. Note that 
if G satisfies the M.C.O.D., then we can find a decomposition of G of the form 
G=G,xG2x~~~xGr (2.2) 
where each Gi is directly indecomposable. Also we note: 
(i) If G/G’ is finitely generated and G/Z(G) obeys the M.C.O.D., then G is 
J-replaceable. That is, the isomorphism G x M= G x N implies JX M= JX N where 
J is infinite cyclic. 
(ii) IfAXB=C,XC,X... XC,, thenA’=(A’nCi)x(A’flCz)x~~~x(A’nC,.) 
(iii) If G/G’is finitely generated and G satisfies the M.C.O.D., then there exists 
an upper bound u for all numbers r for which there exists a decomposition of the 
form (2.2) with Gi# 1, 1 <i<r. 
(iv) The direct product of an R.K.S. group with a finite abelian group is an 
R.K.S. group. 
(v) If G is an R.K.S. group with the M.C.O.D., then any direct factor of G is 
an R.K.S. group. 
(vi) The direct product of two J-replaceable groups is J-replaceable. A direct 
factor of a J-replaceable group is J-replaceable. 
(vii) If the s terms of a group G are R.K.S. groups and O~s,~s, then the s1 
terms of G are R.K.S. groups. 
(viii) Let G be a J-replaceable group and let G =A x B = C x D, then 
(A/Anc)xcxJ=Ax(c/Anc)xJ. 
(ix) If G satisfies the M.C.O.D. and A is a finitely generated abelian group, then 
GxA satisfies the M.C.O.D. and any direct factor of G satisfies the M.C.O.D. 
The proof of (i) is contained in [2, Theorem 3.41. To show (ii), let XEA, y E A, 
x=uiU2”’ ur, y=y,y2...yr with U;E C,, U;E C;. Then 
But [u,,y] = [uj,yi] and since [u,,y] EA, [ui,yj] EC; n/l. To show (iii) it suffices to 
show that there exists an upper bound u for all number r for which there exists a 
decomposition of the form (2.2) with G,# 1, 15 is r and Gi directly indecompos- 
able. If (1.1) represents two such decompositions by using (ii), we see that any 
perfect Gi must be contained in one of the H’s. If Gi is contained in some H, it is 
a direct factor of that H and hence is the same as that H. In summary, any perfect 
Gj is one of the H’s. The number of non-perfect Gi is bounded by the number of 
terms in a direct decomposition of G/G’ into non-trivial directly indecomposable 
groups. One can show (iv) by observing that if L is a cyclic group of prime power 
order and L is a direct factor of CxD, then either C or D has a direct factor 
isomorphic to L. The assertions (v), (vi) and (vii) are easily verified and the assertion 
(viii) is a consequence of [4, Lemma 41. 
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3. Proof of Theorem A 
Note that G and G/Z(G) allow direct decompositions into indecomposable factors. 
If a group E satisfies the M.C.O.D. and E/E’ is finitely generated, we may define 
with the aid of (iii), a(E) as the maximum number of non-trivial factors which are 
possible in any direct decomposition of E. Clearly, if E, is a proper direct factor 
of E, a(E,)< a(E). For the duration of this paper we use the notation H to 
designate H/Z(H). Let f be the rank of the torsion free part of G/G’ and let 
n = a(G). Since it is well known that finitely generated abelian groups are R.K.S. 
groups, we may assume that G is not abelian and n>O. Let 
s=(2”- l)(f+ 1). 
Consider the two statements: 
(3.1) 
(a) G is not an R.K.S. group and cr(G) = n. 
(b) If s is as in (3.1), the s terms of G are R.K.S. groups. 
We will proceed by showing that (a) and (b) are incompatible statements so that 
if (a) is true, (b) is false. 
Suppose then that s is as above and the s terms of G are R.K.S. groups and that 
G is not an R.K.S. group. Let M,= G, Be= 1. Suppose that 01 w<n and that we 
have defined a sequence of w + 1 groups M,, M, , M2, . . . , M, , such that each Mi is 
a direct factor of G x B, for a suitable finitely generated abelian group Bj of torsion 
free rank J where 
fiI(2’- l)(f + 1). (3.2) 
Furthermore, suppose that each Mi is not an R.K.S. group. For each w, 
0 I w I n - 1 we will show how to construct groups M,+ 1, B,, 1, L,, 1 where M,+ 1 
is not an R.K.S. group, B,,, is a finitely generated abelian group of torsion free 
rank fw+l where f,, 1 1(2’+‘+’ - l)(f + 1) and where M,, , is a direct factor of 
GxB,+ I and where L,+, is non-abelian and 
M&+,=lQ~+,XEw+*. (3.3) 
This will imply 
G’=L,xE,x...xl?,xM, (3.4) 
which contradicts the fact that a(G) = n and the proof will be complete. To begin, 
set 
M=M,=G,xG,x-.xG,=H,xH,x--xH, (3.5) 
where (3.5) gives two distinct decompositions of M into non-trivial indecomposable 
factors such that there is no one-to-one correspondence between the G’s and H’s 
with corresponding terms isomorphic. Since Mis non-abelian one of the G’s is non- 
abelian. Say G, is non-abelian. 
First suppose that G1 is isomorphic to one of the H’s, say G, = H, . Since M is 
Uniqueness of direct decompositions of groups 159 
a direct factor of G x B,, M and its direct factors are J-replaceable. Hence we may 
J replace G, and H, in (3.5) to obtain 
E-JxG,x’-. xG,=JxHZx.-.xHp. 
Note that E is not an R.K.S. group or else we would be led to a one-to-one cor- 
respondence between the G’s and H’s in (3.5) with corresponding terms isomorphic. 
Also A-G, xE. Note that E is a direct factor of Mx J. Hence we may take 
M w+l=E,L,+~=G1 and&+, = B, x J. Hence we may suppose that there is no Hj 
with Gi = Hi. 
Since G, is non-abelian, Gi intersects some non-abelian Hi non-trivially. Let 
Gi fl H, # 1, H, non-abelian. By (viii), 
K,=G,x(H,/G,nH,)xJ-(G,/G,nH,)xH,xJ. (3.6) 
Note that 
(G,/G, fl H,) X (G2/G2 n H,) X . ..x(G./G,nH,)-(H,/H,)xH,x...xH, (3.7) 
where H* is the subgroup of H, generated by G, tl H, , Gz fJ H,, . . . , G, n H, . Note 
that by (ii), HI/H, is a finitely generated abelian group. If we take the direct 
product of both sides of (3.7) with HI x J1, we see that K, is a direct factor of Mx 
(HI/H,) x J. Moreover, by (ix), G x B, satisfies the M.C.O.D. and by (ix) again so 
does M. Again by (ix), Mx (H, 1 H*) x J satisfies the M.C.O.D. By (ix) once more, 
Gr 1 Gr flH, and H, 1 G, fl H, satisfy the M.C.O.D. Hence (HI/G1 fl H,) and 
(G,/G, fl H,) decompose into finitely many directly indecomposable groups. 
Now suppose that K, is an R.K.S. group. Since G, is non-abelian and G, + H, , 
G, is isomorphic to a direct factor of G,/G, fl HI. Consequently the right-hand 
side of (3.7) does not give an R.K.S. group or else G, would have to be isomorphic 
to some Hj, 25 jsp contrary to assumption. In this case we set 
M w+l=(HI/H,)~HZ~...~Hp, L,+,=H,. 
Also note that in this case M,,,+ 1 is isomorphic to a direct factor of H, /H* x M,. 
Since M, is isomorphic to a direct factor of G x B,, we see M,+ 1 is isomorphic to 
a direct factor of G x B, x (HI/H,). Set B,, , = B, x (HI/H,). Since H, is a direct 
factor of G x B,, the torsion free rank of HI/H, is bounded above by f + f,. 





fw+lSWi - l)(f+ 1)1(2”- l)(f+ 1). (3.9) 
We now treat the case when Kr is not an R.K.S. group. Since Kr is a direct factor 
of Mx (HI/H,) x J, K, is a direct factor of G x B, x (HI/H,) x J. Set 
B ,,,+ 1 = B, x (HI/H,) x J. Since H, is a direct factor of G x B,, we see that the 
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torsion free rank f,,, of B,+, satisfies 
and (3.8), (3.9) hold again. Let a be the projection of M onto G2 x G3 x .a. x G,= S 
so that the kernel of a is G, . If 7;: =H;cY, then 
S = T, . T, . a. Tp 
and if L= T2-.- Tp, then S= Tl L. Now we claim that L is non-abelian. Note that 
q-wi/EZ;fl Gi. Let 
Ki~G~X(Hi/H,~G~)XJ=(G~/H~nG,)XHiXJ. (3.10) 
AS above, Ki is a direct factor of G x Nj where Ni is a suitable finitely generated 
abelian group of torsion free rank not greater than s. Hence if L is abelian, by (iv) 
and our hypothesis on the s terms of G, Ki is an R.K.S. group for i, 25i1p. 
Hence from (3.10), since Hi#GG,, Hi is isomorphic to a direct factor of 
(Hi/H,fl Gi) X J. Hence Hi is abelian for 21i1p. But then by our hypothesis con- 
cerning s and (iv), M= H, x (H, x ... xH,,) would be an R.K.S. group contrary to 
assumption. Hence L is non-abelian as asserted. Note now that 
so that we may set L+,,+,=L andM,+, = K, . Hence the groups M, and L, can be 
defined for WI n. This completes our construction. 
In conclusion it might be of some interest to point out that the class of J- 
replaceable groups is fairly extensive. A study of these groups can be found in [2]. 
Finally, I would like to thank the referee for several useful remarks. 
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